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Abstract 

We prove that if a non-atomic separable Banach lattice in a weak 
Hilbert space, then it is lattice isomorphic to £2(0, 1). 

Introduction 

This note is to be considered as an addendum to [[J , where an extensive study 
of Banach lattices, which are weak Hilbert spaces, was made. We prove that 
if a non-atomic separable Banach lattice is a weak Hilbert space then it is 
lattice isomorphic to ^(0, 1). The result is a consequence of Theorem 3.11 
in [3] together with an easy, short argument. 

We believe that it may have some impact om the study of unconditional 
structures in weak Hilbert spaces. 

For the convenience of the reader we have in section 1 given the definition 
of a weak Hilbert space and formulated the special case of ||, Theorem 3.11, 
which is needed to prove our result. 



1 Notation and terminology 

In this note we shall use the notation and terminology commonly used in 
Banach space theory as it appears in M and |2J. 
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If E is a finite dimensional Banach space we denote the Banach-Mazur 
distance between E and the Hilbert space by d(E), and if (xj) is a sequence 
in a Banach space X we let [xj] denote the closed linear span of (xj). Given 
a finite set A we let \A\ denote the cardinality of A . One of the many 
equivalent characterizations of a weak Hilbert space given by Pisier [|J we 
use as the definition. 

Definition 1 A Banach space X is called a weak Hilbert space, if there exist 
a 5 > and a C > 1 such that for every finite dimensional subspace E C X , 
there exist a subspace F C E and a projection P : X — > F with dimF > 
5diuiE, d(F) < C and \\P\\ < C . 

The result below, which is a special case of one of the main theorems of 
[0], Theorem 3.11, is the main tool of this note. 

Theorem 2 Let X be a Banach lattice, which is a weak Hilbert space. There 
exists a constant K with the following property: 

For every 1 -unconditional, normalized sequence (xj)j e j C X (finite or infi- 
nite), and every m G N there exist a J C I , \J\ = m, so that if A C I\J 
with \ A\ < m2 m , then (xj)j £ A is K-equivalent to the unit vector based of 

We refer to [0 for the definition of a Kothe function space and we let 
A denote the Lebesgue measure on [0,1]. If A C [0, 1] we let 1^ denote the 
indicator function for A, and if / is a real-valued function on [0,1] then we 
put P A f = fl A . 

Finally we refer to || for any unexplained notion on Banach lattices, 
which are weak Hilbert spaces. 



2 The main result 

Our main result is the following 

Theorem 3 If X is a Kothe function space on [0,1], which is a weak Hilbert 
space, then X is lattice isomorphic to ^(0, 1) . 
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Proof: Let K be the constant from Theorem 2. We wish to show that there 
is a constant C > 1 so that every finite sequence of positive, normalized and 
mutually disjoint elements of X is C-equivalent to the unit vector basis of 
a Hilbert space. It then follows from 0, Theorem l.b.13, that X is lattice 
isomorphic to L 2 (0, 1) • 

Hence let n G N and (/j)? =1 C X be positive, normalized with mutually 
disjoint supports and put Aj = supp/j for all 1 < j < n . 

Let < e < | be arbitrary. Since X is a weak Hilbert space it is order 
continuous and therefore there exists a 5 > so that if A C [0, 1] is Lebesgue 
measurable then 

X(A) <5^ WPaJjW < ^ for all 1 < j < n. (2.1) 
Let now m G N be chosen, so that m2~ m < 5 and m > n and put 

B k = [(k - l)2- m , k2- m \ for all 1 < k < 2 m . (2.2) 

/ = {{j, k)\P k fj ^ 0}, where P k = P Bk , l<k< n. (2.3) 

9jk = WPkfjW'Pkfo for all (j, k) G /. (2.4) 

Since gjk is a normalized 1-unconditional sequence and \I\ < n2 m < m2 m 

there is a set 

JCJ with |/\J| = m so that {gjk)(j,k)eJ is -K'-equivalent to the unit vector 
bases of 

Put 

A = |J {Aj n Sfc|(j, fc) ^ J}, 5 = [0, 1]\A (2.5) 
Clearly A (A) < m2~ m < 5 and hence 

\\PAfi\ \ < - for all 1 < j < n. (2.6) 

n 

If Jj = {k\(j, k) G J} then 

PBf 3 = Y. Pk h foralll<j<n. (2.7) 
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This shows that (Psfj) 1 }^ is a block basis of (gjk) and since WPsfj 
- £ > ~ for all 1 < j < n it is 2-fT-equivalent to the unit vector basis of 
Furthermore, since 



> 



2^II P *-/Wili <2e<l (2.8) 

it follows that (fj) is 2K(1 + 2e)(l — 2e:) _1 -equivalent to the unit vector 
sis of 

As a corollary we obtain 



basis of i^. □ 



Theorem 4 Lei X be a separable Banach lattice, which is not purely atomic 
and which is not isomorphic to a Hilbert space. If X is a weak Hilbert space 
then there is a infinite sequence (xj) of mutually disjoint positive normalized 
vectors so that X is lattice isomorphic to £2(0, 1) © [ x j\- 

Proof: Since every separable non-atomic Banach lattice is lattice isomor- 
phic to a Kothe function space on [0, 1] it follows from Theorem 3 and our 
assumptions that X has atoms. Let (x n ) C X be the sequence of atoms. We 
can then write 

X=[x j } ± ®[x J }. (2.9) 

[xj^ is a non-atomic lattice and therefore lattice isomorphic to L 2 (0, 1) by 
Theorem 3. □ 

It is readily verified that the argument in the proof of Theorem 3 still 
works, if we just assume that the space X there has the following property: 
There is a constant K > 1 and a function k : N — > N with k(m)m~ 1 — > 00 
for m — > 00 so that every normalized sequence in X consisting of mutually 
disjoint elements has property E(m, k(m), K) for all m as defined in 0. 

It seems unknown whether a general Banach lattice with this property is 
a weak Hilbert space, if k(m)2~ m — > for m — > 00 . Compare with the 
proof of Theorem 4.1 in ||. 
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